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All possible transformations from the Robertson-Walker metric to those conformal
to the Lorentz-Minkowski form are derived. It is demonstrated that the commonly
known family of transformations and associated conformal factors are not exhaus-
tive and that there exists another relatively less well known family of transforma-
tions with a different conformal factor in the particular case that K=—1. Simplified
conformal factors are derived for the special case of maximally symmetric space-
times. The full set of all possible cosmologically compatible conformal forms is
presented as a comprehensive table. A product of the analysis is the determination
of the set-theoretical relationships between the maximally symmetric space-times,
the Robertson-Walker space-times, and functionally more general space-times. The
analysis is preceded by a short historical review of the application of conformal
metrics to cosmology. © 2007 American Institute of Physics.

[DOLI: 10.1063/1.2815811]

I. INTRODUCTION

The fact that the Weyl tensor for all Robertson-Walker cosmological metrics vanishes meets
the necessary and sufficient condition that a conformal form of these metrics must also exist.' A
useful property of a conformal metric is that it leaves Maxwell’s equations unchanged from their
form in Minkowski space—time,2’3 making electromagnetic calculations in conformally represented
space-times particularly simple. Despite this, the conformal metrics corresponding to the curved
space—K=+ 1—Robertson-Walker' (RW) space-times are not given in major texts on cosmology
and general relativity. The books by Tolman,4 Weinberg,l Hawking and Ellis,5 Misner, Thorne and
Wheeler,6 Birrell and Davies,2 Wald,3 Schutz,7 Peebles,8 Harrison,9 Roos,10 Dodelson,ll Carroll,12
Hobson e al.,"* and Bergstrom and Goobar'* do not mention conformal forms of the K=+1 RW
metrics. Where they discuss conformal maps of these space-times, they do so with metrics that are
not conformal to the Lorentz-Minkowski metric—which they are able to do because it is sufficient
(but not necessary) for the purposes of constructing conformal diagrams that the metric be ex-
pressible in the form'?

ds* = f2(t,r)(df* — dr®) - g*(r)dQ?, (1)

Landau and Lifshitz" give, without derivation, the “exponential” transformation [see Eq. (54)
below] from RW K=-1 metric to conformal form, but do not report that in this case the conformal
factor is then a single parameter function of the Minkowski square. And they do not give the
better-known “hyperbolic” transformation valid for all three K=+1 RW metrics. Peacock'® men-
tioned that the K=+1 RW metrics can be put into conformal form though does not give any
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'With apologies to  Friedmann and Lemaitre, RW is used throughout as  shorthand  for

Friedmann-Lemaitre-Robertson-Walker.

0022-2488/2007/48(12)/122501/23/$23.00 48, 122501-1 © 2007 American Institute of Physics

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp


http://dx.doi.org/10.1063/1.2815811
http://dx.doi.org/10.1063/1.2815811

122501-2 Michael Ibison J. Math. Phys. 48, 122501 (2007)

details. Lightman et al."” sketched a derivation of the hyperbolic transformation, though they do
not actually give the conformal factor. Their analysis is not exhaustive; however, it fails to find the
exponential transformation and corresponding conformal factor valid for the K=—1 RW metric.
(We reproduce their method in Appendix A 5, showing where the additional solution goes miss-
ing.) Though Stephani er al. 8 gave none of the conformal forms of the RW metrics, they acknowl-
edge the existence of such forms in connection with Tauber’s publication.19 Stephani20 stated that
all RW metrics can be put into conformal form and explicitly gave the hyperbolic transformation
for the case K=+1 RW metric, but does not mention the exponential form.

In the journal literature it appears that Infeld and Schild,”! using a kinematic analysis, were the
first to report that there are two distinct families of conformal metrics (namely, the hyperbolic and
the exponential) that can be mapped onto the same RW metric when K=-1. (Strangely, they
appear to confound physically different metrics—not related by a coordinate transformation, with
physically different universes—i.e., wherein redshifts do or do not occur.) The exponential trans-
formation had been obtained earlier by Walker.” In a subsequent publication Infeld and Schild*
showed how to transform the Maxwell and Dirac equations from Lorentz-Minkowski form to
curved space-time expressed in conformal coordinates. Much later Tauber' used the results of
Infeld and Schild®' to derive the associated Friedmann equation for the conformal factor, which he
solved for some special cases of pressure and energy density. The conformal forms of the RW
metrics were the focus of several works by Endean.*’ These built on Tauber’s analysis, but
included a claim that the observational data had been consistently incorrectly interpreted through
the lens of the RW metrics, and that, for example, the cosmological age problem (of that time)
would be solved if properly treated with the conformal metrics. But in the light of the general
coordinate transformation invariance of general relativity (GR), this claim could be true only if the
consensus application of GR to the observational data at that time was in error. In a subsequent
analysis of Endean’s works Querella28 showed his conclusions rested on a nonstandard interpre-
tation of coordinate times and distances in the conformal coordinate system. Herrero and
Morales® applied the kinematic approach of Infeld and Schild to decide constraints on a suitable
conformal Killing vector field which they used to determine the cosmologically compatible con-
formal factors. However, their approach is sufficiently different to that adopted here that it is not
immediately clear if their result encompasses all the cases given here, including, in particular, the
exponential transformation from the RW K=-1 metric. Sopuerta30 and Keane and Barrett’' de-
rived transformations from the RW metrics to conformal form without special treatment of the
K=-1 case.

During the revision of this manuscript lihoshi ef al.** posted a paper giving the full solution,
i.e., compatible with (A23), without proof, to the functional equation (17). They observe that by
suitable choice of integration constants—which can be shown are equivalent to those in (A24)—
the transformation becomes of the exponential type, only in the case K=—1. They do not report on
the fact that for this solution the conformal factor reduces to a single parameter function of the
Minkowski square [Eq. (58) below].

The hyperbolic transformation is the focus of Sec. IV and is valid for all RW space-times. In
Secs. V and VI the results of Sec. IV are used to give explicit conformal forms of the maximally
symmetric space-times, showing, at the same time, some set-theoretical relationships between
them. The conformal form of the specifically flat-space RW space-times is derived in Sec. VII,
based on a limiting form of the RW-compliant conformal factor of Sec. IV. In Sec. VIII is
presented the second family of transformations characterized by an exponential transformation of
the RW coordinates, which is specific to the case K=-1. All these forms of the RW metric are
collected together in Table I. The set-theoretical relationships showing how the RW metrics over-
lap in their capacity to describe an underlying space-time are given in Fig. 1.

In this document “‘space-time” is shorthand for pseudo-Riemannian manifold. The line ele-
ment ds?>=dx? and associated metric will be referred to as “Lorentz-Minkowski,” and the under-
lying space-time “Minkowski.” No distinction is made between different topologies that are oth-
erwise locally equivalent through a coordinate transformation. All metrics under consideration
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here are diagonal and are most conveniently expressed as a line element. Discussion of the
extensibility of a coordinate system and its covering of a given space-time is mostly avoided.

Il. TRADITIONAL FORMS OF THE RW METRIC

RW space—times”’34 were first deduced from the “cosmological principle” without explicit

reference to a stress energy tensor or to GR. The principle states that while permitting the possi-
bility of variation in time, in the large the universe should otherwise look the same to (an appro-
priately defined class of) observers everywhere. From this was deduced the invariant interval

ds® = di* = a*(1,)(dr* + s*(r)dQ?), (2)

where

(sin(kr)/k)?,  spherical
s2(r)=91r2, flat (3)
(sinh(kr)/k)?, hyperbolic,

and where the scale factor a(z,) is an arbitrary function of the cosmological time—which is also
the proper time of the fundamental observer. The three cases—spherical, flat, and hyperbolic—
refer to the curvature of space, but, as will be seen, do not single out any particular space-time and
to some degree overlap. These three can be combined notationally into

R} —
ds® = dt? - az(z‘c)<a'r2 + EO sinz(\’Kr/RO)dQZ) , (4)

where K € [1,0,-1] covers the three cases (3) and R, is some fixed distance. It will be convenient
to write subsequent expressions for the line element in normalized coordinates; the possibility of
a further real linear transformation of the coordinates therein,x — x’ =ax+b with a and b real, will
then be understood. In such terms (4) becomes

ds® = di* - a*(1,)(dr* + S:(r)dQ?), 5

where the definition

Se(r) = sinWKrWK, K=[1,0,—1]

will also be useful elsewhere. In (5) the scale factor a, the cosmological time ¢,, and the increment
ds are to be regarded as similarly normalized ﬁith respect to a fixed distance.’
The coordinate change 7=2 tan(VKr/2)/VK takes (5) into the isotropic form'®

a’t,

dsz=dtc2— PP
(1+K7/4)

(dr* + PdQ0?). (6)
[In this case the factor of 1/4 multiplying 7> can be removed by rescaling a’t. and the coordinates.
If a(z.) is not arbitrary however—as in the case of a maximally symmetric spacetime—then
removing the factor of 1/4 from the denominator by implicit redefinition of the coordinates will,
in general, have consequences elsewhere in the expression for the line element.] A more common
form used in magnitude distance calculations is related to (6) by the coordinate change 7=Sk(r)
which gives

?An alternative is to regard the scale factor a(z.) and the cosmological time ¢, in this particular line element as having units
of length (c=1 throughout) and have only the radial coordinate normalized. In that case the increment ds also has units of
length.
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2
1 - K

Note that the new radii are real for all K €[1,0,—1]. All three forms—(5)—(7)—can be recast with
a conformal time 7 defined by’ df.=a(t.)dt so that for example (5) becomes’

ds*=dt’ - az(tc)< + deﬂz) . (7)

ds* = a*(1)(dr* — dr* — Sp(r)d Q). (8)

The collection of RW space-times described above will be denoted by {RW(r)}, which
includes all three cases K=[—1,0, 1] and where () stands for the functional degree of freedom that
in this case is the RW scale factor a(f). For example, the hyperbolic space form of the RW metric
generates space-times {RW_,(7)}. Allowing for some overlap between the subsets, one has

{RW(0)} ={RW_; (1)} U {RW (1)} U {RW,,(n)}.

In the following it will also be useful to refer also to the space-times that can be written in any of
the equivalent terms

ds* = di* - a*(0)s*(r)(dr* + r*dQ?) (9a)
=a*(0)(dr* = s*(r)(dr* + r*dQ?)) (9b)
=dt* — a*(1)(s*(r)dr* + r*dQ?) (9¢)
=a*(0(dr* = s*(r)dr* = r*dQ?) (9d)
=df® — a¥(1)(dr* + sX(r)dQ?) (9e)
=a*(0)(dr’ - dr* = s*(r)dQ?), (9f)

where both s(r) and a(z) are arbitrary functions (see, for example, Ref. 16). In these space-times
the variation in time is decoupled from the spatial variation. The first and second forms are
isotropic. In the second and fourth forms the scale factor applies to all components of the interval.
Henceforth these space-times will be denoted OTI standing for “orthogonal time isotropic” and
more formally by {OTI(z)(r)}, where (¢) and (r) stand, respectively, for the functional degrees of
freedom in () and s*(r) in any of the equivalent forms in (9a)—(9f).

lll. RW METRIC IN LORENTZ-CONFORMAL COORDINATES

In this section is sought the coordinate transformation that takes the OTI line element (9f) into
the form

ds* = AX(T,R)(dT? - dR* - R*dO?) = A*(T,R)dX?, (10)
where dX? is the invariant interval of Minkowski space-time in Lorentz-Minkowski coordinates,
dX? = dT* - dX - dX.

Where it is convenient, all space-times that can be written in the (conformal) form (10) will be
referred to by {conformal (¢, r)}, the parameters ¢ and r being necessary to distinguish these from

*We choose not to use the traditional symbol for the conformal time 7 because later we will want to refer collectively to
all four coordinates in which the metric is conformal by just x, in which, traditionally, the zeroth component is synonymous
with ¢.

*A function will sometimes be implicitly redefined after making a coordinate change; the scale factor @ in (8) is not the
same function of its argument as the scale factor in (5).
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more restricted space-times, wherein the conformal factor is a function of just one generalized
coordinate. The relationship between the new and old coordinates is

dT=Tdt+T.dr, dR=Rdt+Rdr.

Inserting this into (10) and equating with (9f) gives

T?-R>=R?-T?=RYs>=a%A? (11)
and

T,T,—R.R,=0. (12)
The assumption is that a and A are positive. The first two of Eq. (11) give
T2+T?=R*+R/7,
which with (12) gives
(T,+T,)*=(R,+R,)?* (T,-T,)"=(R,-R)>’=T,+T,=¢(R,+R,), T,-T,=e(R,~R,),

where the ¢; are 1. If &,=¢, then T,=¢R, and (11) would then require a=0. Therefore the &;
must be different, giving

T,=¢R,, T,=¢R,, (13)
where e=+1. These give
T,=T,=T=f(t+r)+g(t-7r) (14)
where f and g are arbitrary functions. Putting this into (13) gives

eR=f(t+r)—g(t-r), (15)

where an arbitrary constant of integration has been absorbed into the definitions of f and g.
Inserting these into Eq. (11) gives the functional differential equation

(flt+1r) = gt =) =45 ()f(t +r)g(t = 7). (16)

It is helpful to go to sum and difference (i.e., light-cone based) coordinates t+r=u, t—r=v,
whereupon (16) becomes

4f(u)g () 1

() - g0)P ~ ((w—0)/2) 4
Noticing that the left hand side can be written as a perfect differential
4fw)g(v) J ) &
oI = 30701 = g o800 =40
It follows that the general solution of (17) is
(u-v)2 o
log(f(u) - g(v)) = - f dr’J dr's(r") + p(u) + q(v), (18)

where f(u), g(v), p(u), g(v) are otherwise arbitrary functions. Equation (18) can be written

fu) = g() = Pplu) y(v)o(u—-v), (19)

where f, g, ¢p=eP, y=e? are otherwise arbitrary functions, and ¢ is given by
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w/2 w'
o(w) :exp(—J dw'f dw”s‘z(w")>. (20)

Lightman et al.'” derived the functional equation (17) [Eq. (6) in Chapter 19 Solutions] with
an a priori assumption that f(x)=g(x). They sketched a solution to this equation that bypasses the
introduction of the intermediate functions ¢(u), ¥(v) as they appear in (19). However, it turns out
that there are two distinct solutions, namely, (A6) and (A20), the first of which is overlooked by
the Lightman method. A full derivation of both solutions is given in the Appendix, along with the
connection with the Lightman method. The next section deals with the transformation based on
(A20). Sections V-VII consider some special cases. Section VIII deals with the transformation
based on (A6).

IV. HYPERBOLIC TRANSFORMATION TO CONFORMAL FORM

From Egs. (A20), (14), and (15), it is concluded that the associated coordinate transformation
that takes (9f) into the form (10) is

f(u) =B+ Ltanh(ku — x;), g(v)=C+ L tanh(kv — x,), (21)

and therefore
T=B+ C+ L(tanh(k(t + r) — x;) + tanh(x(t = r) — x2)), (22)
eR=B - C+ L(tanh(k(t + r) — x;) — tanh(x(t — r) — x»)), (23)

where B, C, L, k, and y; are constants. L sets the length scale for the (T, R) coordinate system, and
1/k sets the length scale for the (z,r) coordinate system. The sum and differences of the y; are
constant offsets to the origin of the coordinates ¢ and r, and B and C are constant offsets to the
origin of the coordinates T and R. For the sake of notational simplicity, Egs. (21), (22), and (23)
will be reexpressed in dimensionless coordinates with no explicit offset and with the implicit
assumption that in any result the coordinates can be linearly rescaled,

flu) =Txwi2), g)=Tkv/2),

T=Tx((t+1)/2) + Tg((t=71)/2), eR=Txg((t+71)/2) = Tg((t-1)/2), (24)

where the definition

Te(x) = tan(VKx)VK, K e [1,0,—1]

will also be useful elsewhere. The denominator of \,% ensures that the coordinates are real for any
K. Equation (24) is the transformation derived by Lightman et al." and corresponds to K
=iVK/2, L=—i/\K in (21).

Equation (16) with (24) gives

s2(r) = Sx(r),

just as it appears in (8). Remarkably therefore, it turns out that the spatial curvature functions Sx(r)
stipulated by the RW metrics are the only functions that permit transformation via (A20) from the
OTI form (9f) [i.e., with s%(r) arbitrary] to the conformal form. It turns out that this is true also of
the exponential solution (A6) discussed in the next section. Anticipating that result, one has’

SHere and elsewhere the members of the set are the distinct space-times that are not equivalent under an allowed general
coordinate transformation (one that is real and preserves the number of positive and negative eigenvalues of the metric). In
these expressions involving different families of space-times possible differences in the coverage of a space-time by a
coordinate system (chart) are ignored. Relations such as (25) may therefore be valid only over a restricted “patch.”
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{RW(1)} ={OTI(r)(r)} N {conformal(z,r)} (25)

where here (z,r) denotes the full functional dependency of the conformal scale factor. The relation
(25) is expressed in Fig. 1.
From (11), (14), and (15) it is inferred that the conformal factor is

5 a*(1)
AXT,R)= ——. (26)
4f(t+r)g(t—r)
Employing (24) this becomes
2
) B a-(1)
A{LR) = (1 + tan®(VK(z + r)/2))(1 + tan> (VK (2 = 1)/2))
_ a*(7) B a*()
T (1+ (VK(T+eR)2)D(1 + (VK(T=eR)2)?) 1+ K XY16+ (K/2)(T* +R?)
2 2
a-(1) a-(1) (27)

T (1—KX¥4)2+KT> (1 + KX¥4)? + KR*’

where X>=T?-R*>=T?-X-X. The inverse relations between (¢,r) and (7,R) and can be deduced
from (24). Specifically

tan~'(VK(T + £R)/2) + tan"'(VK(T — £R)/2
VK(T+ eR)/2 = tan(NK (1 = r)/2) = 1 = (VK(T + eR)/2) (WK(T - eR)12)

\r’%
_ L KT
“k 1-Kx%4
Putting this into (27), the conformal scale factor becomes
1 1 VKT
AXT,R) = 2l = tan! ——— |. 28
TR = ktray + k2 (V% | - KX%/4 (28)

It may be observed that the scale factor can be factorized as the product of two one-parameter
functions in two different ways,

AX(T,R) = BX(zx;K)/T* = C*(zx; K)/(1 — KX?*/4)?, (29)

where

aX(tan™' (VKzp)IVK) aX(tan' (VKzg)/VK)

BX(zx:K) = , CYzx:K) = 30
(K K+1/zi (G k) 1+Kz?< (30)
are arbitrary functions, and
T
= 31
KT kx4 31

is real. (It can be shown that there is no similar factorization involving just R and X.)

In summary, using the transformation (24) all RW space-times can be written in conformal
Lorentz-Minkowski form with scale factor given by (29). Equation (28) establishes the relation-
ship between the conformal scale factor and the scale factor of the traditional RW form (9f).
Symbolically, this relationship can be written
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1 t 1 t
{RW(2)} = | conformal ATl 7 conformal e\ 1ok [ (32)

where the parentheses denote a functional degree of freedom in the metric (in this case the
conformal scale factor). The leading factor is not a functional degree of freedom but a fixed
coefficient. The factors of 1/4 multiplying x> appearing in (29) and (31) can be removed by
rescaling the coordinates, redefining the functions B and C, and absorbing an overall factor into
the interval ds.

V. CONFORMAL AND RW FORMS OF DE SITTER SPACE-TIME

A restricted case of the conformal line element is that the conformal factor is a function of
time only. Clearly, these must be identical with the space-times {RW(7)}. According to (29) for
this restricted class of space-times, one must be able to write

B(L'I(>— (T:K)
1 - KXx%4° =T

for any function f. Since this must be true for all R and therefore all X independent of 7, it follows
that either K=0 or B=constant. The first of these is the same as (8) with K=0, which is just

ds?> = a*(t)dx>. (33)

In the second case, up to an arbitrary global scaling of the coordinates, the line element is just

ds>=dxX*T?, (34)

which is the de Sitter space-time in conformal coordinates. Note that this form can be achieved by
any of K=[-1,0,1], which of course includes the case (33), wherein a*(f)=1/¢* in the original
coordinates. In summary,

{de Sitter} C{RW_; ()} N {RW(1)} N {RW,,(1)}.

In fact, it is possible to show that the de Sitter space-time is the only space-time which can be
expressed in all three Robertson-Walker spacetimes, whereupon

{RW_, (1)} N {RW, ()} N {RW, (1)} = {de Sitter}, (35)

i.e., the de Sitter space-time can be uniquely defined this way. This relation is illustrated in Fig. 1.
The (three) line elements (for each K=[-1,0,1]) having the form (8) that transform to (34)
can be determined from setting B as defined in (30) to a constant (which can be set to 1),

a*(tan”' (VKz)/NK)
K+1/2%

=1= a(1) = K(1 + cot® VK1) = S2(1).
The de Sitter line element in these coordinates is therefore

ds* = SA(1)(dr? — dr* — Si(r)dQ?). (36)
Explicitly,

(df* = dr’* + sinh®(r)dQ?)/sinh?> 1, K=-1
ds*=| dx’11, K=0 (37)
(dr* - dr* + sin®(r)dQ?)/sin’ ¢, K=+1.

The second case is just (34) due to the fact that K=0 causes the transformation to become the
trivial T=t, R=r. Equation (36) can be cast into the RW form (2) with the transformation
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[ %

rK tan ‘Kt/z

tc=-fdts;<r>=—fdt —— =—log ————, (38)
sin VKt VK

where the divisor ensures that 7 is real when K=-1, and finite when K=0. Therefore

1/sinhz., K=-1
sin \s’%t 2 tan \/I_(t/Z e e ~
=92¢7 e K=0 (39)

kK k 2 JKy2) 1+ Ke e
vk V(1 + tan” VK1/2) ¢ 1/cosht.,, K= +1.

With these, (37) becomes

dr? — sinh? 1,(dr? + sinh*(r)dQ?), K=-1
ds® = | di* - e*edx?, K=0 (40)
dt? —cosh? t.(dr? +sin*(r)dQ?), K= +1.

In the case K=0 the freedom of global linear rescaling has been used to make the implicit
replacement r— 2r to cancel the factor of 2 that appears in (39).

Equations (37) and (40) differ only by coordinate transformations, and therefore represent the
same space-tirne.6 The de Sitter space-time is one of the three maximally symmetric space-times
that have the same number of positive and negative eigenvalues as Minkowski space-time and
where the Ricci tensor is proportional to the metric tensor. In set notation,

{maximally symmetric} = {de Sitter, Minkowski,anti-de Sitter}.

Whereas the more general RW space-times can be deduced from the cosmological principle, the
maximally symmetric space-times are demanded by the “perfect cosmological principle” of Gold
and Bondi.”

The hyperbolic, flat-space, and spherical RW spatial geometries are not physically distinct
because, for example, the de Sitter space-time is a member of all three [see (35)]. In this context
it is useful to make a distinction between two different types of coordinate transformation.

(A) Coordinate transformations that do not mix time and space: (t,r)— (T(t),R(r)). Examples
are the transformations that take (5) to the forms (6)—(8). In general, such transformations leave
preserved the identity of each spatial geometry even though, under a general coordinate transfor-
mation, there is some overlap between them. One could say that each spatial geometry is closed
under such transformations even if the underlying space-time, e.g. {deSitter}, is a member of one
or more.

(B) Coordinate transformations that mix time and space: (t,r)— (T(t,r),R(t,r)). A coordinate
transformation of this kind destroys the independence (closure) of the individual spatial geom-
etries. An example is the transformation (24). Another well known example of the overlap between
different spatial geometries is the Milne geometry, which is the Minkowski space-time—usually
written ds’=dx’ as a member of {RW,(7)} [with in this case a(z) fixed]—written instead as a
member of {RW_,(1)},

ds? = di* - 2(dr’* + sinh®(r)dQ?). 41)

The transformation linking this to the form ds*=dx? involves a transformation of type B that
mixes time and space (see, for example, Ref. 16). Other {RW_,(¢)} forms that involve a type A
coordinate transformation of (41) are given in Table I.

Noted in passing is that both types A and B transformations can usefully be split into two
subtypes, according to whether or not the functional form of the line element is changed. A trivial

®These coordinate systems do not cover the manifold equally. The coordinate transformation from 7 to 7, in (38) is valid
only for positive 7, and therefore the coordinates in (39) do not have the same coverage as the coordinates in, say, (34) (Ref.
5).
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example of a type B transformation wherein the line element appears unchanged is the simple
swap x <y in a Euclidean representation of the Lorentz-Minkowski metric ds*=dx’. A less obvi-
ous possibility is the type B transformation,

that leaves unchanged the de Sitter line element (34) in polar form,

ds* = (df* — dr* - r*dQ)/7?

(which very clearly highlights the fact that the coordinates by themselves do not have a distinct
physical meaning).

VI. CONFORMAL FORM OF MAXIMALLY SYMMETRIC SPACE-TIMES

Another important restricted class of conformal line elements is associated with C=constant
in (29). After absorbing the factor of 1/4 into the coordinates, up to an arbitrary factor the line
element is just]

ds* = dXx?/(1 - KX?). (42)

(A derivation of the de Sitter case K=1 was recently given by Lasenby and Doran.*®) Unlike the
de Sitter case (34) this line element depends on K; here the constraint C is constant does not
reduce the three RW spatial geometries to just one space-time. The (three) line elements (for each
K e[-1,0,1]) having the form (8) that transform to (42) can be determined from setting C defined
in (30) to a constant (which can be set to 1),

1

1 1 —
— 2</—— tan™! \r’%zK> =1=d0)=1+ Kzi: 1 +tan®> VKr = — =
cos” VKt

,a
1+Kzx \WK

The corresponding line element in those coordinates is therefore

ds* = (df* —dr* - Si(r)sz)/cosz(\r’T(t). (43)

Explicitly,

(df* - dr* - sinh?(r)dQ?)/cosh?t, K=-1 anti-de Sitter
ds®> =1 dx?, K=0  Minkowski (44)
(dr* - dr* - sin®*(r)dQ?)/cos® t, K= +1 de Sitter.
The three cases K € [-1,0, 1] therefore pick out the three maximally symmetric space-times. Note

that the last of (44) is the same as in (37) with the time offset by /2. In the extended notation
introduced in (32) one can write

1
{maximally symmetric} =\ conformal 5 (-
1 -Kx

Equation (43) can be cast into the form (2) with the transformation

1 +tan \f%t/Z) 1 +tan \,@/z = e\@c -1
=

1 1 =
t.= f dt — == log( = —— =¢'Kle = tan VK1/2 = =
cos VKt VK 1 —tan VKt/2 1 —tan VK#/2 eie 4]
=tanh \r’%tc/ 2

and therefore
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1+ tanz(y"%t/2) )2

( 1 + tanh? \J’%tc/ 2
1- tanz(v/l_(t/Z)

2
— ) = cosh?(VK1,).

cos_z(\"%t) = ( 5
1 —tanh” VKt./2

With this, (44) is

ds*= d* — cosh (VK1) (dr* + S(r)dQ?).

Explicitly,

(dr? = cos® 1,(dr? + sinh®(r)dQ?)), K=-1 anti-de Sitter

ds®=| dx?, K=0  Minkowski (45)
(di? - cosh? 1,(dr? + sin®(r)dQ?)), K= +1 de Sitter.

Note that the last of these is the same as the last of (40).

Vil. CONFORMAL FORM OF {RW,(#)} SPACE-TIMES
According to (29) and (10) the RW line element can be written

dx?

ds? = Czg K) — -5,
= Ok oy

(46)
where C is an arbitrary function and zx is given by (31). When C=constant the three cases K
e [-1,0, 1] generate the three maximally symmetric space-times. However, these are not the only
possibilities for a conformal factor that is just function of X only. The form of (46) suggests that

ds* = dx*/x* (47)

may also be a solution corresponding perhaps to some limit involving K. In fact (47) is a special
case of the conformal line element that is obscured by the normalization procedure in going from
(22) to (24) which hampers exploration of limiting behaviors of the solution for particular values
of factor « and offsets xi, x».

One possibility is that « is sufficiently small and x;, x» have no special values, with the
consequence that only the linear terms in an expansion of the hyperbolic functions in (22) need be
retained. In the end the result must be a simple linear transformation of variables taking the RW
line element [(9a)—(9f)] into conformal form. Clearly this can occur only if (9a)—(9f) are restricted
to flat space, and indeed it is easy to see from (20) that if o(w) is linear, then s*(r)r2. In the
context of the effort of this paper, this linear limit can be ignored since it does not give a genuine
transformation.

The normalization procedure hides another more interesting limit, however. If one writes x;
=w;+im/2 for j=[1,2] then (22) becomes

T=B+ C+ L(coth(k(t+r) — w;) + coth(k(t — r) — w,)),

eR=B - C+ L(coth(k(t + r) — w;) — coth(k(r — r) — w,)).

For sufficiently small values of «, and provided now w;,w, have no special values, then after
normalization and removal of offsets one has

T=1t/x, R=r/x?, (48)

provided e=—1. Direct substitution of (48) into (11) then gives s*(r)=r> and

AX(T,R) =x*a*(1).

Equation (48) is easily inverted to give
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t=TIX*, r=R/X’,

and therefore the conformal scale factor is related to the flat-space RW scale factor by

a*(TIX?)

2 —
A (T7R) - X4

(49)
Thus the solution (47) is confirmed, corresponding to constant a(z) and signifying Minkowski
space-time. More generally, for arbitrary a(z), the line elements with conformal factor (49) are
identical with {RW(¢)}. In the notation introduced in (32) the correspondence is

{RW,(0)} = {conformal% (é) } = {conformaltl—2 (é) } . (50)

Viil. CONFORMAL FORM OF {RW_,(t)} SPACE-TIMES

This section resumes the investigation of the relationship between the OTI space-times
[(9a)—(91)] and the conformal space-times (10). In addition to the hyperbolic transformation dis-
cussed in the previous sections, the governing functional equation linking these two space-times,
(19), has another—exponential—solution, the derivation of which is given in the Appendix. It is
pointed out there that this exponential solution can also be obtained directly from the hyperbolic
solution in the limit that several of the constants have infinite magnitude. It will be seen, however,
that the new transformation permits expression only of the K=—1 (hyperbolic space) forms of the
RW metrics in conformal form. The limiting procedure therefore implies a change in geometry and
is best treated separately.

The Appendix results are summarized in (A6). It will be convenient to rewrite those as

flu) =B+ o(p) =B+ VTN, (51)
so that the transformation is
T=2B+2e* Xt cosh(kr + x,), &R =2e"*Xtsinh(kr+ x,), (52)
where B, k, x;, and y, are constants. Inserting (51) into (16) gives

(eKM+X|+X2 _ eKU+X|—X2)2

1
s2(r) = =— sinh?(kr + x,). (53)
K

4K2€K(u+v)+2X1
Remarkably, the only allowed spatial curvature functions in the OTI space-times compatible with
the exponential transformation to conformal form are those compatible with the RW space-times,
just as in the case of the hyperbolic solution. Unlike the hyperbolic transformations, however, all
three RW spatial geometries cannot be accommodated with this solution to the functional equation
(19). For the transformation (52) to be real and not vanishing, it is clear that x must be real and
nonzero. Therefore only the subset {RW_,(r)} can be transformed to conformal form with (51).”
Rescaling the variables and allowing for implicit offsets, (51) becomes

flu)=e", glv)=¢", (54)
(52) becomes

T=eé¢'coshr, R=¢'sinhr, (55)

and (53) becomes

"In an appropriate limit, wherein k—0 and y,=-log k, the transformation (51) becomes linear, and up to a simple
rescaling (52) becomes the trivial (“identity”) transformation. In that sense only, (51) also encompasses the {RW,(?)}
metrics, trivially transforming them onto themselves.
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s*(r) = sinh? r.

As anticipated in (25), combining this finding with that of Sec. IV establishes the general result

{RW (1)} ={OTI(r)(r)} N {conformal(z,r)},

which relation is expressed in Fig. 1.

The conformal scale factor associated with the exponential transformation can be obtained
from (26), wherein it may be recalled that a?(¢) is the RW scale factor of (9f). Using (54) in (26)
gives

AXT,R) = iaz(t)e‘z’. (56)

Equation (55) is easily inverted. Specifically, one has

X?=T"-R*=¢%, (57)

which establishes that the transformation is valid only inside the light cone in the (T, R) coordinate
system. Equation (56) with (57) is

AXT,R) = écﬂ(% log XZ). (58)
Since the RW scale factor is arbitrary, it follows that the conformal scale factor is an arbitrary
function of X?.

In summary, the hyperbolic RW metric with arbitrary scale factor a*(f) can be transformed
with (55) to conformal form with scale factor given by (58). In the domains where both sets of
coordinates are real the two space-times are therefore the same. Further, it may be observed that
(58) includes the more restricted forms of scale factors given in (42). Given the subsequent
classification, for example, in (44), it follows that all three maximally symmetric space-times may
be cast into the hyperbolic form of the RW metric—as may be verified by examination of the
entries in Table I. It follows that

{RW_,(n)} = {conformal(x?)} D {maximally symmetric}. (59)

It is important to observe that the conformal factor in (58) is functionally quite different and
cannot, in general, be obtained from (29) when K=-1 by any redefinition of the functional degrees
of freedom. This is despite the fact that, prior to choosing the constant degrees of freedom, they
both derive from the same general solution (A23) to the functional equation (17) (see Appendix A
4).

Finally, using the results (58) and (49) it is possible to show that

{RW_, (N} N {RW,()}\ {RW, (1)} = {Minkowski},
which, bearing in mind (35), gives

{RW_,(0)} N {RW(#)} = {Minkowski} U {de Sitter}.

The RW_;(¢) form here is the Milne metric. The common ground of the RW metrics is therefore
exclusively in the maximally symmetric space-times, with de Sitter being uniquely expressible in
all three K € [-1,0, 1], Minkowski expressible in K € [-1,0], and anti-de Sitter expressible only
in K=-1. These relationships are depicted in Fig. 1.

IX. SUMMARY

Equation (32) gives the conformal representation of all the RW space-times, and Eq. (59)
gives a conformal representation of the RW hyperbolic space space-time. We give the general
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solution (A20) to the functional equation (A1). And we give the general solution (A23) and a
particular solution (A25)—independently and as a limiting case of (A23)—to the functional equa-
tion (17). Historically, the general solution (A25) has been used to generate the hyperbolic trans-
formations and associated conformal factors (29), and except in a few cases, the exponential
transformation and associated (different) conformal factor (58) have been missed.

An outcome of this analysis is the catalog of line elements in Table I, together with coordinate
transformations linking the different forms in the body of this document. Table I includes, in
line-element form, an exhaustive list of all possible cosmological (RW-compliant) metrics that are
conformal to the Lorentz-Minkowski metric. The table is not an exhaustive list of RW metrics,
however, even within the restricted domain of diagonal forms. Not included, for example, are
diagonal harmonic forms of the RW space-times.37 Non-diagonal forms, for example, as compre-
hensively studied by Weinberg,1 have not been considered. A product of this approach is the
determination of set-theoretical relationships between the cosmologically relevant space-times,
and which are summarized in Fig. 1.
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Notes on the table entries are as follows.

e For each K, dEi is any of the equivalent forms,

dr* + sin’(r)dQ)? dr? + sinh?(r)dQ?
dr? dx? dr?
dzi= -7 +rdQ? dES B {dr2 +2d0?, a2, = 1+ +rd?
(dr* + r*dQP)/(1 + r7/4)?, (dr* + r*dQ?)/(1 - r7/4)?,

or any other equivalent spatial metric obtained by a transformation solely of the spatial coordinates.

=F-x% di’= dtz—dES.

e It is understood that every line element can be scaled by an arbitrary constant (conformal)
scale factor without changing the classification of the space-time. Further, all coordinates are
understood to be normalized with respect to some fixed length (which is in principle observ-
able). That is, for a general diagonal line element,

ds® = g,-j(x)dxidx-i

The classification is unchanged if

ds> — aB;’lﬂ;lgmn(ﬁx)dxidxi,

where B is a diagonal 4 X 4 matrix and « is an additional arbitrary constant. (The arbitrary
rescaling of the interval ds is not generally the same as a coordinate transformation.) It
follows that the trigonometric functions sine and cosine can be interchanged so that
sin(v%t)/\e"? can be replaced by cos(v’?t)/v’? if K is a real positive number but not
otherwise.
» Everywhere f(z) is an arbitrary function, each occurrence of which is to be treated de novo.
e Wherever it appears, K € [-1,0,1].
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TABLE I. Catalog of cosmologically-significant diagonal line elements discussed in this document.

J. Math. Phys. 48, 122501 (2007)

Text Literature
Line element Coordinate system references references
{conformal(z,r)} space-times
P2t r)dx? Conformal to Lorentz-Minkowski (10)
{OTI(#)(r)} space-times
dr*—a?(0)s*(r) (dr*+r*dQ?) (9a)
a*(1)(d?=s*(r)(dr*+r*dQ?)) (9b)
dr*—a*(1)(dr*+5*(r)dQ?) (9¢)
a*(1)(drP—dr*—s*(r)dQ?) (9d)
dr?—a?(t)(dr*+5*(r)dQ?) (9e)
a?(t)(df*—dr?*—s*(r)dQ?) (9f)
{RW(?)} space-times
drr—f()d3% RW (5),(6),(7) Common
Fn)(d-d32) Conformal to static RW (8) use
l £ ! A2 Conformal to Lorentz-Minkowski (29)
1 \1-Kx?
21
;fz _r dx? Conformal to Lorentz-Minkowski (29)
(1-Kx»)? \1-Kx?
{RW_,(¢)} space-times
dr-A(nds?, RW K=-1 (5).(6).(7) Common
Fn)(dr-ds?) Conformal to static RW K=-1 (8) use
2136
1 £ 4 42 Conformal to Lorentz-Minkowski (29)
2 \1+x2
;fz _r dx? Conformal to Lorentz-Minkowski (29)
(1+x%)% \ 1442
FA(x)dx? Conformal to Lorentz-Minkowski (58) 2138
{RW,(?)} space-times
dr—fA(d] RW K=0 (5).(6),(7) Common
FA)(dr> - dz(z)) Conformal to Lorentz-Minkowski (8) use
Pt/ x%)dx? 2 Conformal to Lorentz-Minkowski (50) 2t
Pt/ xP)dx? x* Conformal to Lorentz-Minkowski (50)
{RW,,(¢)} space-times
dr-(nds?, RW K=+1 (5),(6),(7) Common
Fn)(dP-d32) Conformal to static RW K=+1 (8) use
(Einstein)
2136
1 £ ! A2 Conformal to Lorentz-Minkowski (29)
) \1-x2
Conformal to Lorentz-Minkowski (29)
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TABLE 1. (Continued.)

J. Math. Phys. 48, 122501 (2007)

Text Literature
Line element Coordinate system references references
{Maximally symmetric} space-times
dr?—cosh* (VK1)dS? RW (45)
(d?-d32)/ cos’( VK1) Conformal to static RW (43)
dx*/(1-Kx?)? Conformal to Lorentz-Minkowski (42) 1,12
dx*/ (K-x%)? Conformal to Lorentz-Minkowski (42) & (47)
{Anti-de Sitter} space-times
di*—cos*(1d3?, RW K=-1 (45) 5
(d?—dZ?))/cosh® t Conformal to static RW K=—1 (44)
dx?/(1+x%)? Conformal to Lorentz-Minkowski (42) »
{Minkowski} space-times
dx? Lorentz-Minkowski Usual form
dr—rds?, Milne (41) 214041
e(drP—d3?)) Conformal to static RW K=—1
dx?/x* Conformal to Lorentz-Minkowski (47) 2a
{de Sitter} space-times
d?—sinh*(1)d3?, RW K=-1 (40) 8
(d*—d3?))/sinh?® ¢ Conformal to static RW K=—1 37)
dr?-e¥ds} RW K=0 (40) 12681221
dx?*/ Conformal to Lorentz-Minkowski (37)
di?—cosh®(1)d3} RW K=1 (37) a1
(dr?—d23)/cos® t Conformal to static RW K=+1 37)
dx?/(1-x%)? Conformal to Lorentz-Minkowski (42) 21,36,39.42
*The published metric is in error.
RW.,(®
= conformal(x?)
OTI(z,r)
[
RW(0) j 1
F de Sitter | Minkowski =
= ~
o~
conformal(z,r) N J

FIG. 1. The set of RW space-times is the intersection between the set of two-parameter conformal space-times and the set
of OTI space-times. The K=—1 hyperbolic space RW space-times are the same as the set of conformally represented
space-times whose conformal factor is a function of x> only. These space-times contain all three maximally symmetric
space-times. The de Sitter space-time is the intersection of all three RW space-times. The Minkowski space-time is the
intersection of the K=-1 and the K=0 RW space-times with K=+1 excluded. The anti-de Sitter space-time is a member
only of the K=-1 hyperbolic space RW space-times.
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APPENDIX A: GENERAL SOLUTION OF THE FUNCTIONAL EQUATION

fu) = g() = plu) y(w)o(u-v). (A1)

A general method for the solution of a class of functional equations of which (Al) is a
member is given in Aczél,® although this particular equation is not solved explicitly there. Here a
standard technique is employed for solution of multivariate functional equations wherein all but
one functional dependency is eliminated by differentiation, the resulting differential equation is
solved, and then the results are reconciled with the original functional equation. For the sake of
completeness, in this appendix Eq. (Al) is solved for all five functions. However, the pair
¢(u), y(v) play no role in the subsequent analysis in the body of this paper.

Differentiating (A1) with respect to both u and v and using ¢p=eP, y=e7 gives

! ! ! ! ! ! ! ! O-, ! ! OJ,
¢y o+a(¢py —yd')-¢dyo"=0=-p'q +;(p —61)+;=0 (A2)
provided ¢, y, 0#0. o can be eliminated by differentiation with respect to ¢, i.e., by d/du
+d/dv,
n_r r.n 0-, " "
-0"q' -p'q +;(p -4")=0. (A3)

1. Constant case

The case that the second derivative of just one of the two functions p and g vanishes can be
discounted as follows. If say p”=0, ¢" #0, then p=a+bu for constants a and b, and (A3) then
gives

b+o'lo=0=0= a’oe_b(“_”),
where o is constant. Putting these results into (A1) gives

fw) = g(v) = ape™™ Y (v).

Clearly f(u) must be a constant. Swapping the roles of p and g gives that g(v) is constant. Neither
of these two possibilities is acceptable solutions in this context, since they imply a loss of dimen-
sionality in the transformation.

2. Exponential case

A particular solution of (A3) is p”=¢"=0, whereupon p and g are linear in their arguments,
plu)=a+ B, q)=ay+pByw, (Ad)
where the «;, B8; are constants. Recalling (A2) this implies
o+ 0 (B - By) — BiBro =0 = 0= aze P 4 g ePrluv) (A5)
provided both B; are not zero. as,a, are new constants. Putting these into (A1) gives
f(u) _ g(v) — ea1+a2+ﬁlu+ﬁzv(a3e—,81(u—v) + a4e/32(u—v))_
It follows that one solution of (A1) is the set of functions

du) =a,eP,  Y(v) =aeP?”,

o(u—v) = aze P 4 g ePrlu)
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f() = as + ayayaue Prefe,

g(v) = as— ajayaze PP,

where a;, B; are constants.
If B8,=8,=0 in (A4) then p and g are constant,

p=a, 4=,

in which case instead of (A5) one has

0'=0=>0=a3+ Bu-v).

Putting these into (A1) gives

Jw) - () = e1"*(az + Blu - v)).

It follows that one solution of (A1) is the set of functions

du)=a;, Yv)=a,
o(u—-v)=ay+ Bu-v),

f(u) =a,+aa,a3/2 + a,a,Bu,

g(v) =day— a1a2a3/2 + alazﬁv.

This result can be obtained from (A6) by taking suitable limiting values of the constants.

3. Hyperbolic case

J. Math. Phys. 48, 122501 (2007)

(A6)

(A7)

Here is considered the case that p” and ¢” are both nonzero, in which case it is possible to

rearrange (A3) and then operate again with d/du+d/dv to remove the dependency on o

n_r n_n rom

p'a' +p'q"  p"q' +2p"q"+p'q" W' +p'qd")p"-q")
p/l _ qll :> p// _ q// - (pll _ ql/)z -
:> (p///q/ + 2p//q/l +p/ql//)(p/l _ qll) _ (plfql +p/q//)(pl// _ q//l) = 0

This can be rearranged to give

p//I q//I p/// q///
(Zp!/_p/? + q/?_zq// _ql;_'_p!?:

0

O',
g

(A8)

The first term in parentheses is a function of u# only, and the second term a function of v only.
Therefore differentiation with respect to both u and v causes them both to vanish, whereupon

p/I/ ! q/// !
q//( F _ p/! ? — 0.

Separation of the u and v dependent parts then gives

A(P_) _
2 pn =D

and likewise for ¢. \ is a constant of separation. Writing p"=1/¢? this is
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W2y = 1N, (A10)
Differentiating again
’og " d d i ’ 2
Y=gyt = o logy=—log = i =Ky
u du
for any (possibly complex) k. The general solution is
y=ae" + be ", (A11)

where a, b, k are constants. The constants are not independent, however. Substitution of (A11)
into (A10) gives the relation

(ae"™ = be™ ) — (ae"" + be™)? + 1/\k*=0 = 4\K’ab=1. (A12)
Putting (A11) into (A9) gives

u u' 1 ]
p= f du’f du"( v —Klu”)2 =- PP (2ku +log(ae*1“ + b)) + ¢, + dyu.
ae + 1€ 1411

(A13)

Using (A12) and redefining the constants (A13) and the corresponding equation for ¢ can be
written

p(u) = a; + Biu— N log(y, + 1),

q(v) = ay + Byv — \ log(y, + €22Y). (A14)

These constants are still not independent. Substitution of these expressions into (A8) gives the
relations

N Y2k = 1) (B + B2) =0,
Yok + 1) (By + B + 2N ky) =0,
(K + 1) (By + B+ 2N\ k) =0,

(k1= K2)(By + By + 2\ (k) + K3)) = 0. (A15)

The possibility A=0 converts (A14) to (A4) and can therefore be excluded here. The remaining
cases are given in Table II.

a. Case |

Using

K| = Ky=K,
Bi+Br=2\k, 1= B2=2pB4,

=pB1=Pa— Nk, Ba=—PBa— kK,
Eq. (A14) becomes

p(u) = ay + (By = Nk)u — N\ log(y; + 72,
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TABLE II. List of constraints satisfying (A15).

Case Constraints Comments

I Ki=Ky=K,B1+Br+2 k=0 Genuinely new case; discussed below
I Bi==P, k1==K, Re-presentation of case [—see below
1 K1=K,=0 Reduces (A14) to (A4)

v 71=7=0, B+ B, +2\(k;+1,) =0 Reduces (A14) to (A4)

\ 11=7=0,Kk=K, Reduces (A14) to (A4)

VI ¥1=0,Kk,=0,8,+B>+2\k;=0 Reduces (A14) to (A4)

VII ¥,=0,k,=0, B+ B,+2\k,=0 Reduces (A14) to (A4)

VIII =0,k =Ky=K, B+ B>+2 k=0 Special case of I

IX 7=0,k1==Ky, B1=—P, Special case of 11

X Y=0,Kk=K,=K, B+ Br+2 k=0 Special case of 1

XI Y=0, K==k, B1==15, Special case of II

q(v) = ay— (B + Ak)v — X log(y, + e72V).
With the substitutions

2 2
fyl=e Xl, 'y2=e XZ’

these expressions can be put into the form

p(u) — a; + Bau — \ log cosh(ku + x;),

q(v) — a, — Bav — N log cosh(kv + x»), (A16)

with the ¢; suitably redefined, and therefore

Bau e~ Bav
_ o P — Al7
Hu)=a, cosh™(ku + x,) 7o) azCOSh)\(KU +X2) (AL7)
Inserting (A16) into (A3) gives
a_/
— = Ba— Ak coth(k(u—v) + x1— x2).
o
Integrating,
o= as exp(= Balu—v + (1 = x)/K))sinh* (k(u = v) + x1 = x2)-
Putting this and (A17) into (A1) gives
inh(k(u-v)+x1-x2) |*
— = ~Bal=xie| S A2 Al8
flu) = 8(v) = ajazase cosh(ku + xy)cosh(kv + x,) | (AL8)
Expanding the numerator one obtains
f(u) = g(v) = ayaraz2 e PAXIXD % (tanh(ku + ;) — tanh(kv + ) . (A19)

Clearly, disregarding the trivial case A=0, the above demands that A=1. Therefore a particular
solution of (A1) is the set of functions

ePH e P

du) = Yv(v)=a

a —’ —9
"cosh(ku + x;) *cosh(kv + x2)
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o(u—-v)= a3e_ﬁ(”_v) sinh(k(u —v) + x; — x2)»
f(u) = ay + ayara; tanh(ku + x,),

g(v) = ay + ayayas tanh(kv + x,), (A20)

where a;, B, k, x; are constants.

b. Case ll
Using

K| =— Ky = K,
Bi+B,=0, Bi—pBr=2(By—\k),

=SB1=Ba—Nk, Br=—Pa+Ak, (A21)
Eq. (A14) becomes

pu) = a; + (By— Nx)u— N log(y; + e ),

q(v) = ay— (Ba— N&)v — N log(y, + €**). (A22)

With suitable redefinition of the constants (A22) is the same as (A16). Since o(u—v) is given
entirely in terms of p(u),q(v) [through (A3)], it follows that case II is indistinguishable from case
I.

4. Relationship between solutions

Equations (A6) and (A7) can be derived from (A20) and so are not independent solutions of
(A1).

Equation (A20) will reduce to (A6) in a limit in which the magnitudes of a,b, x;, and y, are
all infinite. Specifically, starting from

f(u) =a+btanh(ku + x,), g(v)=a+btanh(kv + x,), (A23)
the substitutions
Y Y
a=a+2—52, b=§, Xi=x2=logd (A24)
give
fw)=a+ B +0(8), g)=a+ye*+0(8). (A25)

Taking the limit that §— 0 then gives effectively the same transformations as (A6).

5. Connection with the method of Lightman et al.

Lightman et al. addressed the solution of (17) without going via the functional equation, (19).
They demand at the outset that the two undetermined functions must be equal (which turns out to
be correct up to linear scaling and offset) and so set out to solve an equation equivalent to

48(w)g(v) 1
(g(u) —g)?  s*((u-v)2)° (A26)
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where, a priori, they are concerned only with the particular case that

45>((u —v)/2) = {sinh(u — v),u — v,sin(u — v)} (A27)

corresponding to K=—1,0,+1 in the RW metrics. [An outcome of the more general approach
taken above is that these are found to be the only possibilities for the function s solution of (A26).]
However, Lightman et al. solved (A27) explicitly only for the particular K=+1 from which they
subsequently attempt to infer the result for K=—1. Below we recap their method while retaining K
as a variable in order to accommodate both the hyperbolic and exponential solutions, and to help
keep track of where the latter goes missing. Since (17) must be valid for any u and v, one can
write u=v+¢ and require that it be valid for any . In particular, expanding for small €,

gwelure) 1 g)(e(w) +eg(w) + £ gw)/2+0(s%) 1
(gu)—glu+e)? 45X e2) ~ (eg(u) + 26(u)2 + 28(u)/6 + O(%))? (e —K&¥/6 + O(£%))*

Collecting powers of € one finds that the first two terms in the expansion are true independent of
g, and that the first constraint on g is

A
2gg—3g2—}g'2=0. (A28)

It may be noted that g eP" is a solution of (A28) if B==2/ V=K, and therefore provided K=-1.
However, since Lightman et al. carried out this calculation explicitly only for the particular case
K=+1, the exponential solution was not strictly available to them from this point onwards.® With
the substitutions p=g¢, g=g=>g=dq/du=qdq/dp (A28) becomes
dq? 4
——-3¢°-—p*=0.
p dp q KP

Determination of the first integral is facilitated by an integrating factor
d({q) 4
p4_<%) g pAp =K, (A29)
dp\p K

where A is a constant. The exponential solution corresponds to the special value A=0 (provided
K=-1). After performing the first integral of (A29) to give

1 o
u+B= f dp/= = \/E tan_] \!’ApK/4 -1 (A30)
PVAp —4/K

the exponential solution no longer corresponds exactly to A=0, but must be found by a limiting
procedure in which A—0 and |B|— o (again, supposing K=—1 had been explicitly retained).
Finally, solving (A30) one obtains

,u+B dg 4 ,u+B 4 u+B
ApK/4 =1 +tan = =——secc—— =>g= tan +C. (A31)
\,% du AK VK A \/E \'%

After linear rescaling and offset, Lightman et al. gave g=tan u for K=+1 and infer g=tanh u for
K=-1.
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